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Numerical Solving

solving 1s one of the most dominant steps.
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SpMV

m Conjugate Gradient (CG) and Generalized Minimum Residual (GMRES)

methods are most popular iterative algorithms
m SpMV is one of the most dominant operators.

ALGORITHM 1: Conjugate gradient algorithm

8

9

10

Input: coefficient matrix A, right-hand-side vector b, i1

maximum iterations MAX
Output: approximate solution x
ro = b — Axp;
rold = rgrg;po = ro;
for (i = 1; (VrOld = ||blle) && (i < MAX);i+ +) do

Yyi = Api-1;
— _rold .
(PiT—lyi),
Xi =Xj-1 +api-1;ri = ri-1 — ay;;
_.T...n_ rNew, _ .
rNew =r; ri; f= = 51d :1r0Old = rNew;
pi=ri+ppi-1;
end
X =Xj_1;

Algorithm 1: Restarted GMRES algorithm.

Input: Sparse matrix A, initial guess g,
right-hand-side vector b, relative residual
threshold e

Qutput: approximate solution &

ro = b — Axy;

1

2 B=[ro s v1 =70/

afor j=1,2,....,mdo // Arnoldi process

4 w; = Avj; // SpMV in inner iteration
5 fori=1,2,...,7 do

6 ‘ Hij:(wj,v,;);wj:wj—Hijv,j;

7 end

8 | Hjoi=[lw;

9 if H;, 1 ; == 0 or Stopping criteria satisfied then
10 | m = j; break;

11 end

2 | vjp = w;/Hjp

13 end

14 ‘/'m- = [UI: R Um-];

5 find y™ that minimizes || Se; — Hy |;
T, =z + Vi u'™s
Tm=b—Az,;// SPMV in outer iteration
if || 7 |[<e| b then
T = x,,; break;
else // Restart
| 70 =1 g = 2, Goto 2;
end
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SpMV

m Conjugate Gradient (CG) and Generalized Minimum Residual (GMRES)

methods are most popular iterative algorithms
m SpMV is one of the most dominant operators.

ALGORITHM 1: Conjugate gradient algorithm
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Input: coefficient matrix A, right-hand-side vector b, i1

maximum iterations MAX
Output: approximate solution x
ro = b — Axy;
rold = rgrg;po = ro;
for (i = 1; (VrOld = ||blle) && (i < MAX);i+ +) do

Yyi = Api-1;
— _rOld .
(PiT—lyi),
Xi =Xj-1 +api-1;ri = ri-1 — ay;;
_.T...n_ rNew, _ .
rNew =r; ri; f= = 51d :1r0Old = rNew;
pi=ri+ppi-1;
end
X =Xj_1;

Algorithm 1: Restarted GMRES algorithm.

Input: Sparse matrix A, initial guess g,
right-hand-side vector b, relative residual
threshold e

Output: approximate solution &

1 79 =b— Axy;
2 B=[ro s o1 =mo/B:

3 =172 i) do // Arnnldi process

4 w; = Avj; // SpMV in inner iteration
5 for: =1,2,...,7 do

6 | H;j = (wj.v;);w; = w; — Hjv;:

7 end

8 | Hjy ;= w;|:

9 if H;1 ; == 0 or Stopping criteria satisfied then
10 | m = j; break;

11 end

2 | vjp = w;/Hjp

13 end

4V, = [vle ey ’U'm-];

15 find y™ that minimizes || Se; — Hy |;

16 &y, = 20+ Vo y™:

17|ry, = b— Ax,,; // SpMV in outer iteration

18 T [[7, [[Z € [0 then
9 | @& =x,; break;

20 else // Restart

u | rg =1y @y = x,,; Goto 2;
22 end




SpMV

B Memory bounded
* Low arithmetic intensity

B Indirect access

* [Irregular vector reads

X y
B Uneven work Sparse matrix-vector multiplication

* Different row lengths (SpMYV)

i il EEE EE
r2 I N NN
N EEEER B
+ [IINEEEEEEN Irregular memory acces.s.+ u.neven work
30 B BN EE — low GPU utilization
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Tensor Core

Tensor Core fragment SpMYV structure
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Fixed size & Dense Irregular & Sparse

Direct mapping introduces padding + redundant accumulation



Related Work
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Overview

Data Layout
Sort rows
Extract dense tiles
Stored in new storage

TC Execution
Register-aware MMA
Double buffering

Load Balance

Long-row specified kernel

Merge small row groups
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Sparse Format Design

INPUT: Sparse matrix stored in CSR format

oW
Oy ——oBIhLN
g 1 Z 3 column index
1[0 15162 »2[4]6[1].[3]
S 6 NoON-zeros
6117 2] |S _l_,{
IR 1[2[3]4]..]4]
Sparse matrix CSR storage

STEP 3: Generate row group indexes

[91214]15[5]16[2]17]2]0]ofo].f6]6]0]0]
tcColldx|[0I4]11315]6]5171710]o]ol.[[2]3]0]0]

tcVal

groupPtr[i]
Record row group pointers
groupPtr [012].. [240§ to locate starting address

o J

STEP 1: Reorder rows according to NNZ per row
Row Recorded row
index NNZ indexes
N_X -
013 9 2151612 4
114 4] 5] 12] [7 1]
2[2 1[7 2] [5 X 6]
31 1 21 13 descending 0]
415 1 3 order 2 |
511 8 4 7
6l4 6 %
712 6
\ |
) v N
STEP 2: Extract dense tiles
9 515T6l2] Extract dense
4] (S| 2] 17 tiles 92] [5]6
117 2 5 —14|5K12]7
1 B 3 R 1711215
1 3 " THA2E310
8] [4 814] [6]0
6 3 Padding
tcval  [9]214[5]5[6l2]17]2]0f0]0]..[6l610]0]
tcColldx L0141113[5]6]5[7[7[0]l0]0]..[2]3]0]0] "



Register-Aware Tensor Core Execution

Load matrix tiles into the register layout of the left-hand MMA fragment
Based on tcColldx, gather and reorganize the input vector into the right-

hand MMA fragment
Execute MMA operations

=

Thread 0

Thread 31

0

' Registers

0

b
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Register-Aware Tensor Core Execution

m Extract only the results that contribute to the final SpMV output according
to the following rules
®m Double register buffers are used to support MMA pipeline

i = laneld > 2, J = (laneld mod 4) <1

(Clag[0], if i =j,

Yout 7] = Yout[t] + § Chag[l], ifi=j+ 1,

0, otherwise,

(Chagl6], if i =,
Yout [MMA_ M/2 +i] < You [MMA_M/2 + 1] + { Cragl7], ifi=j+1,

0, otherwise.

\

\
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Load-Balancing for Irregular Matrices

m Extract ultra-long rows to call the specific kernel

m Merge consecutive lightweight row groups until the cumulative tile count

reaches the predefined threshold

Kernel for ultra-long rows

3. Row- 4. Write

)| wise —) Bk

reduction

Ultra-long row identification: e
1. Tiling (MMA M X MMA K
NNZ >LONG _ROW _THRESHOLD iling (MMA_ s
q — 2. Parallel
~4— |=- MMA
— computation

Preprocessing

Group merging

A 4

Block-
level
oroup

(T TTT]-
Row group :
workload analysis CITTT]-

Workload Redistribution

=
e ——

Group assignment

Tiles > MIN_TILES PER BLOCK
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m Experimental Evaluation
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Experimental setting

m Hardware and software
GPU 1: GeForce RTX 3090 with 24 GB device memory
GPU 2: A100 with 40 GB device memory
Ubuntu 22.04
CUDA 12.0
GCC 11.4.0

B Sparse matrices
2800 matrices from SuiteSparse Matrix Collection
14 representative matrices for case studies

® Compared methods SuiteSparse Matrix Colléetion
cuSPARSE Formerly the UiverstyorRlHda Shasse Matrx Collection

DASP
Spaden

17



GFLOPS Comparison

GFLOPS

6001 . cuSPARSE ' 3001 - CcuSPARSE
Spen. " Spadn st
400 5 w200
a1
o
=
©
200+ 100
% 2 4 8 % 2
Nonzeros of matrix (log, ) Nonzeros of matrix (log,, )
(a) GFLOPS on A100 (b) GFLOPS on RTX 3090
e N e N
A100 RTX 3090
1.78% vs. cuSPARSE 1.57x% vs. cuSPARSE
1.10x vs. DASP 1.06x vs. DASP
L 3.22x vs. Spaden ) 3.58% vs. Spaden )
\_




Results on Representative matrices

=== Spaden
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Results on Representative matrices

=== Spaden
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Results on Representative matrices

%% ARROW_V2

=== Spaden
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Conclusion

® Problem
Mismatch between SpMV and Tensor Cores

m Arrow
New data layout design
Efficient MMA powered by register mapping and double
buffering
Load balancing by processing long rows and short rows
differently

m Results
Superior to three SOTA methods on two typical GPU
platforms
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